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AIZERMAN’S PROBLEM+
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Aizerman’s problem is solved in the affirmative in the case when the right-hand side of the differential
equation is a self-adjoint matrix.

In n-space R, we consider a non-linear system

n n
,\'71=E-la1kxk+f(x|), i,-=k2,la,~kxk, i=2,..,n @

and together with it the linear system obtained from (1) when f(x,) = bx,.

Aizerman’s problem [1] is as follows: if it is known that the trivial solution of the linear
system is asymptotically stable for all b satisfying the condition a<b<p, will the trivial
solution of the non-linear system (1) be stable in the large of the following condition is satisfied

a< f(x)/ x <P 2

This problem has inspired much research. It has been shown that condition (2) is not
sufficient for stability in second-order [2] and third-order [3] systems.

This note presents a study of stability for systems of non-linear equations of a more general
form than (1)

X = Ax+ F(x) 3

from which it follows that Aizerman’s problem has a positive solution for self-adjoint matrices,
provided that —co<a, P<e. Here x=(x, ..., x,), A={a} (i, k=1, 2, ..., n),

FxX)=(filxs -0y X))y o ey iz, ooey X))
Our stability analysis will be carried out in the spaces R,, E,, where E, is Euclidean space.
We shall use the following notation:

R(a,r)={xeR,lIx~all<r}, S(a,r)={xeR,lix-all=r)

ReK=Kp=(K+K')/2, ACK)=lim(lI+hKI-1)h"

where A(K) is the logarithmic norm of the linear operator K [4], 5,(s;,(K)) denote the s-numbers
of K, that is, the eigenvalues of the operator K*K and o(k) is the spectrum of K.
Consider a system of linear equations

x = Ax+ Bx 4
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where the matrix B={b,} i, k=1,2,..., n has been chosen so that
o(Re(A+B))< —a, a=const>0 {5}

The set of matrices B for which condition (5) holds will be denoted by G.

We will fix an arbitrary element z=(z,, . .., z,)e R and associate with it the matrix
C@)=1c,} (i, k=1,2,..., n), whose elements are ¢, = f(z,, ..., z,) (mz)" if z, #0, ¢, =d, if
z, =0, where d, =lim, ,f(z,, ..., z,)z if the limit exists, d, =0 if the limit does not exist,

and m is the number of non-zero elements z, (k=1, 2,..., n) of the vector z.

Theorem 1. Suppose that for any ze R, the matrix C(z) is in the set G, the functions
filz,, ..., z,) (i=1,2,...,n)are continuous and f(0,..., 0)=0 (i=1, 2,..., n). Then the
solution of the system of equations (3) is stable in the large.

Proof. Suppose that at a time T the trajectory of system (3) passes through a point ze R,
with norm lzli=r. We will show that a time interval A, exists during which the trajectory
of the solution of system (4) passes from the sphere S(0,r) into a sphere R (0, r), where
r, = e *?r, To do this we will represent Eq. (3) in the form

X = Ax+ Cx + D(x) (6)
D(X)=(d; (Xy5ee0s Xy )yer el (Xp e X))y di (X)X, =

n
=fi(xl’---,xn)"fi(zlv'“!zn)"kzlcik(xk -2;)
The solution of Eq. (6) may be written for 1 =T in the form

x(¢) = eA*N-Dy(Ty+ je(‘*cx""D(x(t))dt (7)
T

Changing to norms in (7), we have
t
Ix(OI< e Dr 4 [e =D D(x(T))lidt (8)
T

Let Atf, denote a time interval during which I D(x(t))llsa/2lix(t)!l. Then when r€[7,
T + At,] inequality (8) may be strengthened, replacing D(x(t)) by ax(t)/2. Multiplying both
sides of the strengthened inequality by €%, we obtain

o) < e“Tr+‘—21—i(p(‘l:)d't, o(r)=elx(Ni (9)

Applying the Gronwall-Bellman inequality to (9), we see that for T<t<T+A; we have
Il x(¢) ll< e* "2, Consequently, for t, =7 +Al, we obtain the estimater, =¢*"*r. Continuing
the process, we finally see that at times 1,, t,, . . . the trajectory of the solution of Eq. (3) cuts
the spheres S(0, r,), S(0, r), .. ..

For the radii r, of the spheres we have

n = rexp[—-d.(At|+...+Atk)/ 2]
Atk =tk _tk~l’ k= 1,2,..-, to = T

We have thus shown that the trajectory of the solution to system (3), having started in a
sphere S(0, r), will not leave that sphere. Applying Peano’s theorem [6, p. 10], we see that the



Aizerman’s problem 427

trajectory of system (4) can be continued to the infinite time interval [ 7, o).

Let T* be the sum of the time intervals Az constructed above, beginning with Ar,. There are
two possibilities: (1) T*=const <eo, (2) T* = oo,

Consider the first possibility. We will show that [Ix(T +7*)ll=0. We will prove this indirectly.
Suppose that l|x(T +T*)li=d >0. Then, as shown previously, a time interval Ar* =0 exists such
that | x(T+T*+A*) e ||x(T +T*)l. It follows from the definition of T* that Ar*=0.
This contradiction implies that I|x(7 +T*) =0, i.e. the solution is asymptotically stable.

Consider the second possibility. It was shown above that lix(z,) ll<exp[-o(Af, + ... +At, /2)
(k=1, 2, ...). Taking into account that T*=c, we have limllx(t,)ll=0 as k— . Since
whenever t,‘ =< the point x(¢) lies inside the sphere S(0, l1x(z,) 1), it follows that the solution of
system (4) is indeed asymptotically stable in this case, whatever the initial approximation.

Let G* denote the set of matrices B={b,} (i, k=1, 2,. .., n), such that A(A+B)=a,
o =const<0.

Theorem 2. Suppose that for any ze R, the matrix C(z) is in the set G*, the functions f(z,
.., z,) are continuous and f(0,..., 0)=0 (i=1 2,..., n). Then the solution of system (4) is
stable in the large.

The proof is similar to that of Theorem 1. The only difference is that in passing from formula
(7) to inequality (8) one uses the well-known property of the logarithmic norm: |le**¢ |l<e*“*©
(see [4]).

Let G** denote the set of matrices B={b,} (i, k=1, 2, ..., n) such that s*=maxs(A+B)
=<qa, a=const<0.

Theorem 3. Suppose that for any ze E, the matrix C (z) lies in the set G**, the functions
fi(z ..., z,) are continuous and £(0,..., 0)=0 (i=1, 2,..., n). Then the solution of system
(3) is stable in the large.

The proof is similar to that of Theorem 1. The difference is as follows. It is well known [4]
that lle**° ll< “*", The norm || A+C |l is estimated in E, by the following chain of inequalities

I(A+O)xll=((A+C)x, (A+C)x)"2 =(UTx,UTx)"? =
=(Tx,Tx)"2 =IITxll < maxs;lIxll
J

where we have used the representation of the operator A+C=UT as a product of a purely
isometric operator U and the operator 7 =(A+C)*(A+C) (see [5]).

Let us return to Aizerman’s problem Let a=lim f(x)/x as x — 0 if the limit exists, or a=0
otherwise.

We shall assume that (1) the matrix A={a;} i, j=1, 2,.. . n is self-adjoint, (2) the linear
system obtained from (1) when f(x,)=bx, is asymptotically stable for any be B, B=|a,
Blufal, (3) Condition (2) holds, and (4) o >—ce, B<eo. Since the matrix A is symmetric, the
same is true of the matrix A,={a,} (!, k=12,...,n),where @, =a,+b, a,=a,if (i, )21, 1).

We will show that if the solution of the linear system obtained from (1) when f(x,)= bx,,
be B, is asymptotically stable, then there exists a constant y <0 exists such that, for all such
values of b, the eigenvalues of the matrix A, are less than ¥.

We will prove this indirectly. Suppose that there is a sequence of numbers b, (b, € B) such
that lim max(o(A ))=0 as k — . The sequence b, contains a subsequence which converges
to a number b* such that o < b*=<p. Since maxc(A,,) <7y(b*) <0, it follows [7, chap. 14] that an
e-neighbourhood (e =7Y(b*)/2) of b* exists for whose points b the spectrum of the matrix A,
lies to_the left of the number y(b*)+e<vy(b*)/2<0. This contradiction implies that
maxo(4,) <1y forall a<b=<p.

Since the matrix A, is self-adjoint for all beB, it follows that o(A,)=o(ReA4,).
Consequently, Theorem 1 can be applied to system (1). This leads to the following assertion.

Theorem 4. Suppose that the linear system obtained from system (1) when f(x)=bx, is
asymptotically stable for any b such that be B, the matrix A is self-adjoint, conditions (2) hold
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and a > -0, B <. Then the non-linear system (1) is stable in the large.

Corollary 1. Suppose that the solution of the system x=1/2(A, + A¥)x is asymptotically
stable for any b such that be[a, B]u{a}, condition (2) holds, and &> —e, B <. Then the non-
linear system (1) is stable in_the large. This assertion follows from Theorem 2 and the
equality 6(1/2(A, + AF))=o(Re A,).

Corollary 2. Suppose that the solution of the system x= A* A,x is asymptotically stable for
all b such that b e B, condition (2) holds, and a> -, B <. Then the non-linear system (1) is
stable in the large.

This assertion follows from Theorems 3 and 4.
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